
3 3 The he algebre of a he group
Defuntion and examples

Let G be a Ge group and M a smooth

manifold

Defuntion 3.33 Smooth action
A left action of Gom M is called smooth

if the action mop GAM Mio

smooth

If Goats smoothly on the left on M
then every g E G given me te a

diffeomorphism
Lg M M

gx
and Gente by Conollony 3.32 to an

Le algebra isomorphram

g
Veet M Veet M

Defuntion 3.34 G invomant vectorfeld
A smooth vector held E Veet M



in G invomant if kg EG kg X

Defuntion 3.35 ne subalgebra
Let 9 be a he algebra A vector subspace

hcg io a he subolgeme if Eh

whenever X Y E h

By Corollary 3.32 the subvector space
lectNCM of G invariant vector fields
un veetam is a he subalgebra of
Veet M

Let now G at on the left on itself
G G G

g x g

Then Veet G the space of left
invariant vector fields is a he algebra

Moreover we have the following

Lemma 3.36



VectI G G Te E in particular
the heolgonoXe of leftmument

io a vector spola isomorphism vector fields

I'Ihab
Proof
We define a mop Te G Vect G

a follows
De Lg u

7

Te foot that v Veet G follows
from the chain reale hence Dale

7
Note also that ve v sunee Le dg
on the other hand if Veet G

then un particular Ceff invariance

Xg DeLg te

and hence Ge

We on ready to introduce the definition



dy

of he algebra of a Ge group

Defuntion 3.37 Geolgehna of a hegroup
The Ge algebino g of a he group G
in the vector space g Te E endowed
with the tanocket Vint 4Wh

un Te

We would like to identify explientely the
he algebre of GC MIR Recall that
since GLCnik c Muin R in open
we have the identification

Main R T GL In R

A AI

Let us dimote glin.IR the he algebra of
GL u R and for convenience

À CAI
the left unuomont vector field corresponding

to AI



Then we have

Proposition 3.38

The mop
Mun R 9L In R

A À
induces an isomorphism between the he

algebra Mu.nl R wthmotmx brocket
and the he algebra ghin.IR Equivalently

I B A B FA BE Muin R
ms End of lecture

Proof
Since both I Bi and FBI one

left invariant vector fields it suffices
to check that

A Bi A B I posare

By the identifications that we discussed a few
pages ago two tangent vectors coincide iff
their evaluation on all E Main F do



Therefore it is sufficient to show

FBI A FBI d

I Main R

Note that FBI A B

Here recolleing also that leveon functions can

be identified with their derivatives we

need to show that Tea 27

AIB A.BE 1

towever I A B DIAB 7 BA
merce A B is the brocket ne Muin R

on the other hand
A BT A ABF BA A I

We proceed to show that
ABI A I AB



This will be enough to complete the proof
the other term con be treated analogously

15 A II AI BG

Dio left invenant AI g Big b

AI g DI Lg Be 1
Definitionofdifferential

But DI Lg Be 1 IBI h light

Furthermore ha Igh io the restriction

of linear form a Main 1K t.GL niR

µ
usualidentifications

terre Be A digh g B

twee IBID II AI g 11gB
and for the some reasons on above

AI g 119 B 1 AB as claimed

Own next goal will be to understand
whether a smooth homomorphism of he



groups induces a Lee algebra homomorphism

We have the following

Proponition 3.39

Let G A be a smooth

homomorphismof he groups and g Tef and
h TA be their he algebros Then

Del 9 h is a Ge algebra
homomorphism

Proof
Let E T G v'E Vect G the

Corresponding left invariant vector field
W De v E Tett and WE VeetTH

Claim v and w ore related

To prove the claim we note that

µ defof
W defof we

Wiig De 4cg n De Legs Del v



Dc Leg e v

Chain rule
Smee e io a homomarpheam

g polg
Chommle

Generi agonni

De Lg v Dge Belgio

Agp Vg
Def v20
Then if vi re Te G and wir Derivi
them renee vet and wit one 6 related
if follows from Proportion 3.31 that

vi v2 and w we one p related

Henee def of on the Geolgebra

Dee vi v27 Dee vi vite
a neoted

wi wi e

Definition of a
w v2brocketon h



Desinterot Dee vi Da va

Corollary 3.40

Let G be a be group and He G be a

subgroup which is also a regular submanifold
Then the inclusion H G realizes

h T.tt o a he subalgebra of g TG

Example 3.41

1 The he algebre of SLIMIR is

stln.IR E Mnin R to X 0

of with Example 3.141

Indeed we sow that SLIMIR dat 1

and det GLCn.IR IT has
constant rank math Dedet tax

Therefore if f 1 e al SLCn.IR is

a smooth curve dettgit 0

If we choose anch that go 1 and so



d 10 E TI SLInik stinik then

f ftp.o.detgit 1 DI.det g11o1
Have

a look of ti g 10Lee pogo 68 69

Hence stinik A gtin.IR tra 0

un fan s EFFETTI dite tn

Serie dimstin.IR due A gtln.IR
Both G 1 tn A o

equality un the obove melanon holds

2 The he algebnno of 0 niti io

Inik E Main R x ̅ 0

if with Example 3 14 2

For checking the have it is helpful to
keep in mind the following

If A B 1 E E Muin R one

smooth curves and we set

pss A SI BIS E Muin R



then s a smooth curve and

s A s BIS Als B s

3 note that N io a

subgroup and a regular submanifold of
GLINK Its he algebra io

i

Analogously for A 0 p IER

ho
a è i ER

Note that vanishes on a

Exercise 3.42

1 Compute the he algebra of Olp g and
50 pia for pag n



2 Realize GL n C SL n G Ulu
as he groups and compute their ha algebra

Example 3.43

Let G H be he groups with he algebros

g and h Then the Ge algebra of
Gx con be identified with gah
with brocket

Giiyi Griya E 279 Yiya

Exercise

In obstroet termo Proportion 3.39 argo
that we have constructed a functor

Lie Cie paupo La algebros
G g

a manpluom ne group homomorphism
between ha groups naturally induces a

monpheam la algebras homomorphism
between the respective he algebras



The fundamental question is

horfmachinformation we loose by going from
Le groups to he algebros additional

properties

Some informal remarks follow Wo null

clonfy some of them over the next few
lectures

Finite dimensionali

1 Every he algebra in the he algebra of
a he group Moro generally we shall discuss
the he group ha algebra correspondence

2 Faithfulness Note that if G in a

ha group and Fin any finte group
with the discrete topology there
G and G x F have the some

Le algebra

It might seem that this is related to
disconnected mean However even if
G is connected it is not uniquely
determined by its ha algebra



For motonee ma note that
IT R2 Ryza is a

covering mop
and It's easy

to see that
it induces on isomorphism between
the muomont vector fields and hence
between the he algebras

In feet if G and Gr one connected
he granpa than

any isomorplusm
9 92

comes from on isomorpluam È È
we will prove this later

probably
3 It would be were if the category of he
groups io closed under certain natural
operations like taking the center 2 G

of a he group G or G the connected

component of the identity
In this direction we will see very
important theorem due to Canton

saying that if HCG is a closed



7 g 1
subgroup then it is a regular
submanifold and hence a Lee group


